JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 33, No. 6, November—December 2010

Robust Adaptive Design for Aerial Vehicles
with State-Limiting Constraints

Eugene Lavretsky* and Ross Gadient!
The Boeing Company, Huntington Beach, California 92647

DOI: 10.2514/1.50101

This paper presents robust adaptive augmentation design for a class of second-order uncertain nonlinear cascaded
systems. These dynamics generalize the models that are often used for the design of inner-loop flight controllers for
aerial vehicles. The proposed control architecture augments a baseline dynamic inversion controller with a direct
adaptive component and a state-limiting component. While the adaptive augmentation is designed to maintain
tracking performance in the presence of the system uncertainties, the state-limiting component protects the system
trajectories from leaving an allowable subset in the system state space. The proposed design is applied to construct
angle-of-attack command-tracking system for short-period dynamics of a fixed-wing aircraft, with simulation results

presented.

1. Introduction

ONSIDER second-order uncertain dynamical systems in the
cascaded form:

{561:F?(xlaz)‘f'lez‘f'fl(XhZ) 0

X = F(x1, %5, 2) + X5™ + f2(x1. %5, 2)
where x = (x; x,)7 is the system state vector, z is the known
bounded external signal, (F}, F3) are known state-dependent func-
tions, B, is a known nonzero constant, xg'"d is the system control
input, and (f,, f,) are unknown continuously differentiable func-
tions that represent the system uncertainties.

The control objective is bounded tracking in the presence of the
system uncertainties (f|, f,). Specifically, the control goal is to
design the control input 5™ so that the system first state component
x; tracks any given bounded time-varying command x$™4(7), in the
presence of the system uncertainties, while keeping all the signals in
the closed-loop system bounded, uniformly in time.

Interest in considering this particular class of systems stems from
flight control related applications, where inner-loop controllers for a
fixed-wing aircraft are often designed based on the so-called
simplified models [1-4]. The latter are given in the form of Eq. (1)
and represent the aircraft decoupled fast responses in pitch, roll, and
yaw axes. This paper expands and refines the concepts first presented
in [5] and, in addition, demonstrates the developed technology on a
relevant simulation example using representative flight dynamics
models.

The first control challenge addressed in this paper is the design of
an inner-loop controller that maintains system tracking performance
in the presence of uncertain aerodynamic effects, control failures,
and unknown environmental disturbances. This is accomplished
using flight-proven adaptive design methods from [1,3].

Moreover, an aircraft flight controller must keep the vehicle
dynamics in a prespecified region of the corresponding state space.
This region is often referred to as the operational flight envelope. For
example, an angle-of-attack (AOA) command-tracking controller
must include an AOA protection system (often called the AOA
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Limiter), whose purpose is to maintain the aircraft AOA within a
prespecified range, outside of which a loss of control is expected. In
essence, such an AOA controller would have to blend the two
subsystems, the AOA tracker and the AOA limiter, with seamless
transitions between the two controllers, while preserving closed-loop
stability at all times. Combining these two subsystems into a single
inner-loop controller, while using theoretically justified design
methods with performance and stability guarantees, constitutes the
second control challenge. To address the latter, this paper proposes
and employs a modification to the state-limiting (SL) design idea
originally developed in [6].

Furthermore, in real-world flight control applications, an inner-
loop system must often provide adequate damping in the presence of
high order dynamics, such as the system structural modes, as well as
other unmodeled effects. Toward that end, the third control challenge
consists of adding damping to the system dynamics at low frequen-
cies only, and without exciting the high-frequency modes. The
proposed robust adaptive controller addresses and solves all three of
the control challenges.

The rest of the paper is organized as follows. Section II presents the
proposed robust adaptive control architecture. Online representation
of the system uncertainties is discussed in Sec. III. Sufficient
conditions that guarantee closed-loop stability and bounded tracking
are stated in Sec. IV. Based on these results, Sec. V contains AOA
command-tracking design, with flight-envelope protection logic, and
adaptive damping. This controller is constructed for short-period
dynamics of a fixed-wing aircraft, and simulation examples are
presented. The paper ends with conclusions that are given in Sec. VL.

II. Model Reference Control Architecture

This paper will employ a model-reference-based control design
framework. The reference model is chosen to be second-order, with
the desired damping ratio £ and the natural frequency w:

2
X" = w xcmd
! s2 4+ 2bws + 2 |

This model is driven by a bounded, possibly time-varying, reference
command x$™. Alternatively, Eq. (2) can be expressed in the state-

(@)

space form:
x’ln — 0 1 x’ln 0 cmd
(5)-(% L)@ (2 o
Differentiating the first state component in Eq. (1) yields
. _OF) . OFY. . 0fi. | Ofi.
X1=7|x|+712+31x2+ﬁx1+i2 (C))
0x, 0z ax, 0z
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Substituting the first equation from Eq. (1) into Eq. (4) results in

.. aF? aF? .
X :[ 1(F0+le2)+ z—l—B Fi|+le§"‘d

f(x1.x2,2.2)
|:8F0f1 ‘f‘%(F0 + Bix; + f1) +3LZ +Blf2i| &)
dxx2,2.9)
or, equivalently
X1 = (. x0,2.2) + Bix™ + d(xy, x5, 2. 2) (6)

One may immediately note that in Eq. (6) the function
f(x,x,,2,2) and the constant B, are known, while d(x,, x,, z, Z)
represents the unknown system uncertainty.

For the system (6), consider a dynamic-inversion-based controller
(baseline system) in the form

omd — (xl — F = Koy — &) — Ko, — )
K(ﬁﬁ;;ﬁg)—v) )

ﬁ@;ﬁ@éfmm—wmmr @®)
S 0

where

is the integrated model tracking error, and
;%1 =FY(x),2) + B\x, )

is the estimated/predicted first state derivative. Also in Eq. (7), v
denotes an augmentation component that will be defined later on, via
Eq. (12). Let e, =x; — x| be the reference model tracking-error
signal. Substituting Eq. (7) into Eq. (6) results in the closed-loop
tracking-error dynamics:

t
1:_KDé1_KP91_KI/el(f)df+[d_KDf1]_U (10
0 S———

D(x).x7.2,2)

Introduce the aggregate state Xx=(x; x, z 2)7. Then
Eq. (10) can be written as

t
1 =—Kpé, — Kpe, —K,/ e (r)dt+ D(x) —v 11
0

At this time, control signal v is defined to dominate the system
uncertainties online:

vE (1 - 7@)DE) + 7@ vy + W,y (12)

where DA(Sc) = ﬁ(xl , X», 2, 2) is the online adaptive estimate, w,, is
the so-called adaptive damping term to be defined later using a rate
lead-lag filter, and v,; represents the SL component (i.e., the state
limiter) of the control law. In addition, y(x) is the modulation
function. This is a continuous state-dependent map, which allows the
controller (12) to smoothly transition between the state limiting and
the adaptive modes of operation. Construction of the modulation
function is based on [6], and its design is presented below.

Let €2 represent acompact region of representation for the adaptive
component D, and let Qs C Q be its compact subset. The state-
dependent modulation function y(x) is defined as

0, x e Q;
;7(;?):{1, ¢ Q (13)
O<y<l, xeQ—Q;

It provides continuous transition from the adaptive component Din
Eq. (12) to the SL component vy, if and when the vector x leaves the

subset €25, but before it reaches the boundary of Q2. The sufficiently
small parameter § defines the width of the annulus region Q2 — Q.
Graphical representation of the modulation function is shown in
Fig. 1. Specific examples of the modulation function will be
presented in Sec. V.

Remark 1: Consider the baseline case without the system uncer-
tainty [thatis, D(x) = 0] and without the augmentation component v.
The system closed-loop tracking-error dynamics are

- K; /tel(r)dt (14)
0

é,=—Kpe, — Kpe,

This system exhibits the classic proportional-integral derivative
(PID) architecture.

The main goal of the adaptive component in Eq. (12) is to
dominate the uncertainty D(x) in Eq. (10) by using its online esti-
mated value ﬁ()'c). With Eq. (12), the tracking-error dynamics take
the form

1 A
¢ = —Kpér — Kpey — K,A e1(v)dr— (1 7)(D - D)
ep

- J_/(vsl - D) — Waqa (15)
where e, is the uncertainty estimation error. Detailed design of the
SL component v,; will be presented later in the paper.

Using the pole placement method [4], baseline PID feedback gains
are chosen to enforce the desired second-order dynamics (2),
augmented by the integrated tracking error. It is easy to show that the
corresponding feedback gains are

Kp =28w+ Kk, Kp = o(w + 2£k,), K, = 0k, (16)

Substituting Eq. (16) into Eq. (15) yields
e, = —Qtw+ k)é; — w(w + 28k))e, — v’k Lt e (t)dr
—(I=p)ep = Y(vy — D) — Weq arn
Regrouping the terms in Eq. (17) results in
81+ ke, = —260(é, + kye;) — a)2<el s [el(r) dr)
—(I=pep = V(v — D) — wgy (18)

Introduce the filtered tracking error:
. t
el =e +k1/ e, (v)dt 19)
0

Using Egs. (18) and (19), the filtered tracking-error dynamics can be
written as

¢l = —26wé] — e — (1 —P)ep — P(vy — D) —w,y  (20)

5

[—>

Fig. 1 Modulation function sets.
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As seen from Eq. (20), the term ZEwé{ provides baseline damping to
the filtered error dynamics. Often, in real-world applications, the
value of the baseline damping term is optimized such that the
maximum possible damping is achieved in the presence of high order
dynamics, such as the system structural modes, or any other
unmodeled effects. To add extra damping, without exciting the high-
frequency modes, the former is introduced into the system at low
frequencies only. Toward this end, define

a .f sa f
= = 21
1 (s+a)e1 (s+a)e‘ @D

and choose the adaptive damping term as

Wag = (K} + kp)n (22)

where K {) represents the baseline damping gain, 12{) is the adaptive
incremental damping gain, and a >0 is the desired crossover
frequency, above which the incremental damping must resort back to
its baseline value. Relation (22) can be written in the state-space
form:

n=—a(n—él) (23)

Augmenting the error dynamics (20) with Eq. (23), the system
extended error dynamics become

él 0 1 0 e 0
= -0 260 -k}, =11 1=pep
n 0 a —a n 0
N — —— ——
éy Aret ef et
+ P(vy — D) + kh) (24)

wheree; = (e ¢/ n)7 represents the extended filtered tracking-
error vector. Next, conditions must be found such that the matrix A
becomes Hurwitz. The matrix characteristic polynomial is

ref

A -1 0
detd —App) = | A+280  K) |=A3 + AX((éw
0 —a A+a
+ K))a + o?) + v’a (25)

For the characteristic polynomial in Eq. (25) to have all its roots in
the left half-plane, it is sufficient to impose the following relations:

D:a>0  2): K} >—2‘»§w—‘i2
' “UP a (26)

3): wa < (2kwa + Kha + ) (2w + a)

Remark 2: The firstinequality in Eq. (20) is already satisfied, since
a defines the desired crossover frequency for the rate filter in Eq. (23).
The second condition in Eq. (26) places a lower bound on the value of
the baseline damping gain. Itis clear that the inequality is satisfied for
any positive gain K{). Finally, the third inequality follows from the
previous two.

Remark 3: If the time derivative of the filtered tracking error é{ (1)
is driven to become small then the original tracking-error signal e, (¢)
will also become small. This statement directly follows from the
definition in Eq. (19). In fact, the latter can be written as

é1=—ke +é 27

whose explicit solution is

1
(i) =) + [ etinemar @)

T

Consequently, if there exists T such that |&/(¢)| <&, for all
t>ty+ T, thenas r — oo,

1

Q0] = et D]+, [ et
to+T

—ky (t—1g—T) 2 —ky (t—1—T) 2

= ehilt—1o |e1(10)|+k—(1_e 1=1=T)y _ 2L

1 1

29)

In other words, the absolute value of the original tracking error
|e, ()| approaches %, exponentially fast, and its transient dynamics

depend on the time constant %

Remark 4: If the filtered tracking error e{ (1) is driven to become
small then the original tracking-error signal e, (¢) will also become
small. Integrating Eq. (28) by parts yields

t
)= e ey + [ e HNE] (0T = e h e 1)

fo

1
e R, ~ky [ e H ] de = e e )

I

—e{t0) + €| — k, [ "] (1) dr (30)

fo

Consequently, if there exists 7 such that |e-1f (0] <& for all
t> T+t thenas t — oo

e (1)] < e M1 Dle, (1) + T) — ef(ty + T)| + ¢,

t
+ kg / e k= dr < e~k t=t=De, (1, + T)
1o

+T

—ef(ty + 1) + & + /(1 — e =01y — 2¢, @31

In other words, if |e{ ()] < &, then as t — oo the following
asymptotic relation takes place,

le; (8)] < 2¢; +0(1) (32)

where o(1) denotes the small-o symbol [7].

III. Online Uncertainty Representation

This section discusses linear-in-parameters representation of the
system uncertainties. The reader should immediately note that an
online approximation of the uncertainty is not needed, nor it is
required in the proposed design. For this very reason, the word
representation is used as opposed to approximation, since the latter
would require persistency of excitation conditions [8,9] that are not
verifiable in real-time operation of the system.

Linear-in-parameters online representation of the uncertain
function D(x) in Eq. (10) is performed on a compact x region €2,
using an N—dimensional regressor vector ®,,(x) € R", with radial
basis functions (RBFs) [10]:

D(x) = 6p®p(3) (33)

where 6, € RN is the vector of online estimated parameters. It is
assumed that the number of RBF components N is large enough, and
the components are chosen so that the uncertainty D(x) can be
represented within the prescribed tolerance e}**, on the chosen
compact x region $2:

D(X) = (65)" ®p(X) + ep(¥) (34)

In Eq. (34), 6}, denotes the vector of true unknown constant
parameters, and &p is the unknown bounded representation error,
with the known upper bound:

lep(®)] < ep™ (35)

Subtracting Eq. (34) from Eq. (33), the function representation
error can be expressed in terms of the parameter estimation error:
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>

ep2D—D=(0p— 05D, —cp=ALD,—5,  (36)

Afp

Substituting Eq. (36) into Eq. (24), the closed-loop filtered
tracking-error dynamics can be derived in the form

¢ ;= Awres — brer(1 = P)(AOLD, — £p) + P(vy — D) + k)
37)

IV. Parameter Adaptation and Closed-Loop
System Dynamics

Choose a symmetric positive-definite matrix Q > 0 and solve the
following algebraic Lyapunov equation:

PA. s + AP =0 (38)

Since A, is Hurwitz, the Lyapunov equation has the unique positive-
definite symmetric solution P, which is used to introduce a Lyapunov
function candidate in the form

Vies, Abp) = efPe + AO,T, MG, + 5" (kh)> (39)

where symmetric positive-definite matrix I';, and positive scalar yp,
define the rates of adaptation. Differentiating Eq. (39) along the
trajectories of the system (24) yields

V=—elQe; +2(1 — 7)el Py (—AOL D), + £1)
— 26T Phygklyn + 2065156, + 295 Eh iy
—27(vy; — D)efPbyy (40)
Regrouping the terms, further gives
V =—elQe; + 2l Pb (1 — P)ep + 27(D — vy) el Pb,y
+ 2005 (=D (1 = 7)e Phy + T5'6p) + 26 (—eT Py
+ v5'kp) 1)

To make the time derivative V in Eq. (41) negative outside of a

compact (e, Afp, ]2{)) subset of €2, choose the following parameter
adaptation laws:

éD = I'pproj(6p, qDDe;Pbref(l -7)
——
er(n)

~f ~p
kp = ypproj(kl, nel Pby.)
D D f f (42)
(1)

In Eq. (42), proj denotes the projection operator [11], which forces
the adaptive parameters to evolve in a prespecified (A6, k{)) region.
Furthermore, it is easy to see that

e (1) £ efPbys = puel + pnél + pan 43)

Motivated by the state-limiting idea from [6], the SL component of
the controller is defined as

; f o
e

vy KS,sat( f) lesat(puel + pmer + pgzn) (44)
& &

where K, is a sufficiently large positive constant gain, 0 < & < 11is
the error tolerance, and

sat (s) = max(—1, min(s, 1)) 45)

is the saturation function. Note that in [6], the state-limiting logic
uses the sign function, while this proposed design is based on the

saturation function (45). The latter avoids the undesirable effects of
abrupt switching and as a result, it provides continuous transition
between subsystems of the proposed controller. Substituting
Eqgs. (42-44) into Eq. (41) yields

V=—elQes+ 2y(1) - Kx,sat(éf—(t)))éf(t)

e
+2e,(0)(1 - P)ep (46)

Recall that the state-dependent modulation function y(x) is
defined as in Eq. (13).

Assumption I1: The command x$™ for the reference model (2) is
chosen such that

(@) x50 () )" € Qs (47)

forward in time. Next, one must show closed-loop stability and
boundedness of the error dynamics.
Suppose that |e/(t)| > &. Then,

sat (%(t)) =sgn(e,(1)) (48)

To analyze closed-loop stability, consider three distinct cases.
In case 1, if X ¢ €2, then = 1 and choosing

Ksl = Dmax (49)
relation (46) becomes
V= —ef Qe +2(D — Kysgney(1)e (1) = —ef Qe
+ 2(Dsgne (1) — Ky)lep ()] < —Amin(Q)lle, (1))
+ 2(Dmax - Ksl)'e}"Pbref' = _)‘min(Q) ”ef”Z (50)
<0

Consequently, the tracking error will decay until the system state
enters 2.
Incase 2, if x € Q4 then according to Eq. (13) y = 0, and therefore

V = _e};Qef + 2(3]];Pbref£D = _}‘min(Q)”ef”2
+ 2lles I Phrsllen™  (51)

where A, (Q) is the minimum eigenvalue of Q, ega"é
max;eq&p(x). Also note that because of the projection operator,
norms of the parameter estimation errors will stay uniformly
bounded; that is,

IAOD < Abpa < 00 A kDD < (kp)max <00 (52)
where [A6,,, (I%)max] are the parameter bounds.
Using Eq. (51), uniform ultimate boundedness (UUB) [12] of the

closed-loop system trajectories can now be established. Toward that
end, define the following compact subset in the e region:

QcR”

Fig. 2 Representation of the sets S, C 2, C £, C Sg.



LAVRETSKY AND GADIENT 1747

21 Pb max
A ” ref”gl) } (53)

5,2 {”ef” S W (3)

Also define aminimal level set 2, = {e;Pef < b, } thatcontains S,.
Since .

Anin(P)|lef]I* < e_;Pef < Amax(P)lles 12 (54)
then choosing
b, = ki (P)1? (55)
implies that for all [|e/|| < r
efPe; < hnax(P)llef|I* = Apin(P)1? = b, (56)

Hence, the set S, is contained in the level set €2, .

Suppose that all initial values of the filtered tracking error e (t))
belong to a compact set Sg 2 {llesll < R}. LetQ,, = {e}Pef < bg}
be the maximal level set which belongs to Si. To maintain closed-
loop system stability, a specific relation between the boundaries for
the sets 2, , €,,, S,, and S must be imposed. These sets will be
used to prove that the closed-loop system trajectories are UUB.
Graphical representation of the four sets is given in Fig. 2.

Choose:

bg = Ain(P)R? (67

ismd = By! (551” —f(®) = Kp (i — &) = Kp(x; —7') — K;(

V= —elQe; + 27(D — Kysgn(e,(1)e,(1) + 22 ,(1)(1 — 7)ep)
= _)"min(Q)”ef”2 + 2[]_/(Dmax - Ksl) + (1 - )7)5Bax]|e_7f-Pbref|
< —hamin(@)lelI? + 201 = D)l eIl PhreclleB™

(59)
Since by definition 0 < y < 1,
V= min(@)llef]? + 201 = P)llef ||| Phellep™
= —Amin(Q)llesl1? + 2lle 1 PhrlleF™ (60)

Similar to case 2, one can show that the system trajectories will
enter the sub region 2; in finite time, after which the case 2
conditions take place.

These three cases prove the UUB property of the closed-loop
system trajectories provided that the relation (48) takes place. If it
does not [that is, if [¢/()| < ], then it is sufficient to choose & = r,
with r defined as in Eq. (53). Then, because of Eq. (56), the
corresponding trajectory must be in 2, , and it will evolve inside the
compact forward in time. Moreover, due to the use of the projection
operator in Eq. (42), all the estimated parameters 6(7) are bounded.
Hence, the tracking problem is solved.

In summary, the corresponding total explicit model following
control signal can be written using Egs. (7), (12), (22), (33), and (44):

x1 (1) — ¥ (1)

)) (1= @B ()P ()
e e’

N
adaptive augmentation
baseline dynamic Inversion controller
_ ) Pi2el + pnél + pun 1k 4 R

- ]/(X) Bl Kscsat _Bl (KD + D)r) (61)

N—— & N e’

modulation function additional Rate damping

state limiter
Then if e;Pef < B then using Eq. (54) yields Remark 5: Via Eq. (21), the damping term in Eq. (22) can be
written as
)‘min(P)”ef'HZ = €;;P€f =B= )‘min(P)Rz (58)

Consequently, ||es|| < R; that is, the filtered tracking error is in Sg.
Because of Eqgs. (51) and (53), the time derivative V is negative
outside of §,. Therefore, the filtered tracking error e, will enter level
set Q2 b, in finite time, and will remain in the set from then on. So, the
closed-loop system trajectories are UUB.

In case 3, if x € Q — Q; then both the adaptive and the SL
components of the controller are active. In this case, using Eq. (46)
one gets

PID controller

w= (K + %)(s fa)(stk') () —x7) = (K},
—————

f

"1

(k) 4 1)
R ays 1)
(R

G(s)=lead-lag filter

(e —x1) (62)

Using Eq. (62) and separating the damping terms, allows the total
control to be reformulated as

lead lag

cemd _ p—1 [ ym = K, YAT-TES m — o\ 1 AT -
529 = 87 (37— 1) = (Koo K+ 514 KEGO) ) =) ) = (1 = OB 80000

baseline dynamic inversion controller

Plze'lf + Pzzéif + psn

adaptive augmentation

By'khG(s)(x; — x7') (63)

— P(%) B(leCsat(

modulation function

&

state limiter

adaptive rate damping
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From Eq. (63), it follows that the total control signal is composed
of the following five major components: 1) baseline dynamic
inversion controller, 2) adaptive augmentation, 3) state limiter,
4) modulation function, and 5) adaptive rate damping.

The control architecture (63) was developed for a class of second-
order systems in the cascaded form [Eq. (1)]. This particular class of
systems was chosen primarily to clarify and expose key features of
the design process. These systems also naturally appear in flight
dynamics and control problems, which constitute the primary focus
and motivation for the control development. One may immediately
note that since the design is based on the dynamic inversion method,
the developed controller can be extended to a generic class of
feedback linearizable MIMO systems with cascade-connected
dynamics.

Remark 6: As discussed in the Introduction, the modulation
function y(x) in Eq. (63) enforces prespecified bounds for the closed-
loop system trajectories. In flight control applications, such a
component is often called the state limiter. In practice, all realistic
flight control devices are equipped with state limiters of various
forms. The particular state limiter presented in this paper is novel.
Recently, it was implemented and flight verified on the Boeing/
NASA X-48B blended-wing-body (BWB) experimental aircraft.
BWRB state limiter design and flight test evaluation results will be
reported in the near future.

V. Design Example: AOA Tracking for a Generic
Aerial Vehicle

This section applies the developed adaptive control methodology
to construct an AOA tracking system for a fixed-wing aircraft, whose
short-period dynamics, including lift and pitching-moment uncer-
tainties, can be written in the form of Eq. (1) [1.4]:

{Ol = _iaa + Qgrav +q+ AL(O[) (64)

q = M(Ol) + qu + MIC + q‘cmd + AM(‘LQ)

where « is aircraft AOA, g is the angular pitch rate, L, is the known
lift-curve slope, Qg,y is the known gravity term, AL(w) is the lift
force uncertainty, M(«) is the known static stability (pitching
moment), M,, is the known constant pitch damping, M is the known
pitching-moment increment due to inertial cross-coupling effects,
and ¢, is the commanded pitch acceleration (control input), and
AM(a, q) represents the pitching-moment uncertainty.

The AOA desired/reference model dynamics is chosen in the form
of Eq. (2):

i|0‘cmd < éZm = _ZEwdm + w? (acmd - am)

(65)

?
o = |:s2 + 2¢ws + o

Following Eq. (62), the rate damping term is chosen as

(K} + kp)

WZW( q9—qu) =K (+ )(q Gm)
Baseline
i —
+ kp(2) G+ )(q qm) (66)
Adaptive

The baseline dynamic inversion controller g2/ ; with the baseline
rate damping term included can now be written as,

q?r’ndzqm_Maa_qu_MIC_ |:2‘§w+Kf j|(q qm)

W (q—qm)
S

(67)

where

dm é Olm + [‘aam - Qgrav (68)

is the reference model pitch rate signal. The pitch rate error can be
written in terms of the AOA tracking error as

dn—aq=(s+L,), —0) (69)

To perform the design, one needs to match the required com-
ponents against the corresponding AOA/pitch rate dynamics terms.
Comparing Eq. (64) against the generic cascaded dynamics (1) yields

X =, Xy =dq, Zz(Qgrav MIC)Tv x;mdzqcmd
Fi=—Loa+Quy. Bi=1, Fy=M(@)+M,q+ Mg
fi=AL(@), f,=AM(a,q) (70)

In this case, the baseline PID feedback gains are

K, 2Ky=2k0+k  K,2Kp=ow+2k)

KL 2 K, = ?k, n

where the integrator pole k; is chosen as

k=1L, (72)
Using Eq. (19), the filtered tracking-error signal becomes

Stk (Y-i—La) 4n—4q
1 — €|
N

(73)

( &y — 0[)

Hence, the filtered tracking vector is

T T
o= (d o wmdl) = (5 aa om0
4

The regressor vector @, is chosen to depend on AOA only. Then
parameter adaptation laws are written based on Eq. (42):

90 =TI'pproj 907430(0[)(% -4 ﬁ(‘lm“ﬂ)

0
<Pl 1]a=p
0
0
Ky =ypproj 13",17(""‘;‘1 dn—4 m(qm—q))P 1 (75)

where P = PT > (is the unique positive-definite symmetric solution
of the algebraic Lyapunov equation (38) with the Hurwitz reference
model matrix A, as specified in Eq. (24).

Based on Eq. (33), adaptive pitch acceleration command takes the
form

G2, = Ip(DPp () (76)

Using Eq. (44), the SL component of the pitch acceleration command
becomes

> f o f
e + +

q'glmd = Kslsat(—f) = Kslsat(p'ze1 P2 Pzzfi)a 77)
£

&

Relation (66) defines adaptive rate damping component of the pitch
acceleration command:

adp __

. f a
G ema = kp (1) Gta) (Gm—q) (78)
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Fig. 3 Piecewise linear modulation function.
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Fig. 4 RBF-based smooth modulation function.

To provide an example of the modulation function first introduced
in Eq. (13), let Q = (afn”m alP ) denote the AOA allowable
domain, where a?? > a,, and @bl < @y are the AOA minimum
and maximum break points, correspondingly. Piecewise linear
modulation function y(«) can be easily written to satisfy Eq. (13):

bp
1;,’ a=<oal —6
= bp bp
F] ’ OCmin - 8 <o S amin
- — b b
y(@) =140, alf <o < abhy (79)
o

bp
—lpiax. bp b
S S < Qe + 6

b
1, o> omax + 6

Figure 3 shows a sketch of the modulation function.
If desired, a smooth version of the modulation function can be
created using two endpoint RBFs.

bp bp
_ 11— ¢((¥ - amin)’ ahs X min b
y(@) =10, oapf <o < Onhx (80)
b b
- ¢(0{ - amI;X)a o= am];x

This function is shown in Fig. 4.

In the above, § represents the break point increment, which is used
to place RBFs uniformly on the interval (2 = abh, ).

A multidimensional modulation function y(x) can also be formed
as follows. Suppose that x, is the center point of the sphere
Qr ={||x — Xo|| < R}. Also suppose that the set 2 represents the
allowable state domain. Let § > 0 be a small positive constant and
define Qz_s = {||x — Xy|| < R — §8}. The multidimensional modu-

lation function is defined as

O, )EEQR,(S
)7()_6)2{()5)—/()?)51, xeQp—Qr_s 81
1, T¢ Qp

Formally, the modulation function can be written as

7(x) = max|:0, min|:1, 1+ W]] (82)

To see that Eq. (82) implies Eq. (81) it is sufficient to simply sketch
y(X) versus ||x — Xy||. Figure 5 shows the data.

Using Eq. (82) yields three relations that formally prove the
validity of the modulation function:

7(¥)

P X — X,
—< 4 =5
Fig. 5 Multidimensional modulation function.

X — % —R
s =001+ 2Rl =R r_g) <R
-8 & xe Qg
. ¥ — %l — R .- _
7@ =1&1+ >1 e |X—%l >R & ¢ Qp

X = Xoll = R

; <l1eR-6<|i-7l

0<yx)<1&0=1+
<R & xe Qg
For example, suppose that x = (o «) and Xy = (¢ O).
Choose the L,-weighted norm with the weights set to 1/¢,,,, and

1/0tax- Choosing R =1, § =0.1 yields the corresponding two-
dimensional modulation function:

ool 4 lil 4
y(o,a) = max|:0, min|:1, 1+ %ﬂ

In this case,

Q,:{MJF.MS}

amax amax
o—o a
Qoo = {M + L < 0.9}
amax O[max

Consequently, the modulation function is

P, ) = 0, Joo—ag| <090, A | < 0.9,
Vi, 17 |a_a0|>amax\/|d|>dmax

Otherwise, it takes values between 0 and 1.

In summary, total pitch acceleration command consists of the five
terms: 1) baseline dynamic inversion command (67), 2) adaptive
augmentation (76), 3) state limiter (77), 4) AOA modulation function
y(a), and 5) adaptive rate damping component (78):

Gema = G0 + (1 = P(@)G%y + V@G + Ginn (83)

The simulation model is chosen to represent longitudinal
dynamics of an aerial vehicle, such as an F-16 aircraft. Neglecting the
effects of gravity and thrust, aircraft longitudinal (short-period)
dynamics can be written in matrix form [4],

o Ze 1 o Zs
() =Cr ) (0) 4 ) o o
e

———
X, ApBL Xp By

where « is the aircraft AOA, ¢ is the pitch rate, §, is the elevator
deflection (control input), V is the trimmed (constant) airspeed,
(24,24, Zs,) and (M,,M,, M,,) are partial derivatives of the
aerodynamic vertical force Z and the pitching moment M, with
respect to («, g, 8,), respectively. Numerical values for the vehicle
aerodynamic derivatives were taken from [4] (Example 5.5-3,
Table 3.4-3). These data represent an F-16 aircraft trimmed at

alt =0 ft, 0 =300 Ib/ft2
a=2.11 deg

V=502 ft/s,
c.g.=0.35¢,

The resulting open-loop system matrices are
—1.0189 1 —0.0022
Appr = ( 0.8223 —1.0774)’ B, = (—0.1756) ®5)

where « is in radians, ¢ is in radians/second, and §, is in degrees.
Including system pitching-moment uncertainty yields updated
dynamics:
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(d) (—1.0189 1 )(a) (o).
. = + qcmd
q 0.8223 —1.0774 ) \ ¢ 1
( 0 )
+ (86)
AM(a, q)

Three types of matched uncertainties are added to the system:
1) linear-in-state uncertainty KXTI)penx »» 2) control effectiveness
constant uncertainty A > 0, and 3) nonlinear-in-state uncertainty in
the form of Eq. (34). Addition of the uncertainties updates system

dynamics (86) as

a —1.0189 1 o 0 .
. = + chmd
g 0.8223 —1.0774 )\ ¢ 1
0
+ _ 87)
K){,,pertxp + D(x)

Numerical values for the uncertainties were arbitrarily chosen as

KT A=05

xppert

=(0.4111 0.8619),

d(x,) = d(a) =0.5¢" (88)

where the center of the Gaussian was set to o, = 2°7/180, and its
width was o = 0.0233. This particular selection of numerical values
for Kprpmxp and A is equivalent to 50% increase in the static
instability M,, 80% decrease in the pitch damping M, and 50%
decrease in the control input effectiveness. These changes imply that
the vehicle became 50% more statically unstable, lost 80% of its pitch
damping ability, and the aircraft controllability decreased by 50%,
and in fact causes the open-loop system to become unstable (eigen-
values enter right-half-plane). Such drastic and perhaps unrealistic
changes were motivated by intent to demonstrate the effectiveness of
the proposed design methodology. This particular example was also
selected to be similar to previous work presented in [13,14], so that
relevant performance comparisons may be available. The system
total uncertainty versus AOA was calculated at g = 0 and is shown in
Fig. 6.

0.6

0.5

0.4

0.3

0.2

0.1

AOA, deg
Fig. 6 Total matched uncertainty versus AOA, at g = 0.

cmd

a, deg
o
r——
| ¥
: o
) d

3, deg

3det, dps

Time, sec

Fig. 7 Baseline closed-loop response to AOA doublets without uncer-
tainties.

Baseline flight control was designed for the baseline system
without uncertainties according to Eq. (67), with selected dynamics
£=0.6 and w = 2 rad/s, along with baseline damping gain K/, =
0.1 and desired crossover frequency a = 10 rad/s. It is straight-
forward to verify that such selections provide error dynamics roots
per Eq. (25). The eigenvalues of the reference dynamics, along with
their corresponding natural frequencies and damping ratios, are
shown below:

A = —1.26 + 0.699i
Ay =—126-0.699 =

£, =0.628, @, =201
= 0.628, w,=2.01 (89)
é‘} = 100, w3 = 9.87

Inspection of the eigenvalues shows that, per design, addition of
the baseline damping gain K{) yields the reference dynamics

20 r r T
L] A T T bemene e |+
) — ! 1 1 S 1
o) = i | | i e 0,
S olk--_- 4 e\ N HRCT | £ i L--l m
o : J WRUSNE ipy : B - o
R ) S R VA R L B . v el
20 : : : : : : :
0 10 20 30 40 50 60 70 80

S, deg

8det, dps

Time, sec

Fig. 8 Baseline closed-loop response in the presence of matched
uncertainties.
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Fig. 10 Baseline plus adaptive plus SL closed-loop response in the

presence of uncertainties.
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system tracking performance was recovered, with acceptable
elevator deflection and rates. The data are shown in Fig. 9.

Note that although the (baseline plus adaptive) architecture is able
to restore tracking, the system AOA state constraints are violated. To
show the effectiveness of the state limiter, consider simulation of the
same input case but with the SL component active. Because of
relationship (77) the state limiter is designed to prevent undesirable
overshoots, while maintaining the benefits of the adaptive aug-
mentation in restoring tracking response in the presence of
uncertainties. Selecting § = 0.1, K. =2, and ¢ =0.01, the time
response comparison of the (baseline plus adaptive plus SL ) system
against the (baseline plus adaptive) system without state limiting is
shown in Fig. 10. In the simulation data below, the line denoted as o
represents the time response of the system in the presence of
uncertainties without SL component, while the line denoted as «;
corresponds to the system with the SL component turned on.

A close-up view of the system response around the limit is shown
in Fig. 11. The data in Fig. 11 show that the SL component is able to
prevent overshoots when the system approaches state limits, while
retaining the ability to restore tracking performance in the presence
of uncertainties. The system response with (baseline plus adaptive)
components is identical with and without the state limiter until the
response is within § of the AOA limit. With AOA limit of 5 deg and
8 = 0.1, the reference model AOA reaches 4.5 deg. At the same time,
the system AOA tracks the reference AOA without violating the
imposed AOA limit. The less oscillatory system response is also a
consequence of the modulation function in the total control (83),
adding damping in regions near the AOA limits.

To further clarify the role of the modulation function in the
proposed state limiter logic, consider Fig. 12. These data represent
the case with the (baseline plus adaptive plus SL) components turned
on. The dark vertical bars indicate the region in which the modulation
function is active, as shown in the second subplot. The third subplot
displays the adaptive augmentation component, while the lowermost
subplot displays the SL component, both including scaling as
indicated in Eq. (83). When the modulation function is active, the SL
component becomes also active in order to damp the system response
and to avoid exceeding the AOA limit, while the adaptive aug-
mentation component is reduced until the system leaves the state
limit region.

The data from Fig. 10 indicate an increase in control activity when
compared to the previous simulation cases. This is due to the
presence of the adaptive damping term. One may immediately note
that the proposed design gives the ability to further minimize control
input activity, while enforcing the desired tracking performance. This
can be accomplished by tuning the adaptive gains, SL gain, modu-
lation function activation region, and error tolerance.

VI. Conclusions

Motivated by flight control applications, this paper presented
robust adaptive control design augmentation of a baseline dynamic
inversion controller. To help protect the system trajectories from
leaving an allowable subset in the system state space, a state-limiting
component was added to modify the control input in areas near the
state limits. A frequency-dependent adaptive damping term was also
incorporated into the system. The proposed design was applied to
construct a representative angle-of-attack command-tracking system

for short-period dynamics of a fixed-wing aircraft. Simulation results
verify that the adaptive augmentation is able to restore tracking
performance in the presence of significant system uncertainties,
while the state-limiting component is able to modify the control input
to prevent system overshooting the predefined state limits.
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